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Summary
Proteins drive the function of neuronal synapses. The synapses are distributed throughout the dendritic arbor,
often hundreds of micrometers away from the soma. It is still unclear how somatic and dendritic sources of
proteins shape protein distribution and respectively contribute to local protein changes during synaptic plas-
ticity. Here, we present a unique computational framework describing for a given protein species the dendritic
distribution of the mRNA and the corresponding protein in a dendrite. Using CaMKIIα as a test-case, our
model reveals the key role active transport plays in maintenance of dendritic mRNA and protein levels and
predicts the short and long timescales of protein dynamics. Our model reveals the fundamental role of mRNA
localization and dendritic mRNA translation in synaptic maintenance and plasticity in distal compartments.
We developed a web application for neuroscientists to explore the dynamics of mRNA or protein of interest.

Introduction
Neurons, like all other cells, require proteins to function. A single neuron expresses ∼ 12.000 protein species
and each of these proteins is produced from its corresponding mRNA in the soma or in the neurites. Because
the dendrites can extend hundreds of micrometers from the cell body, understanding how changes in synaptic
protein composition are resolved in space and time is particularly challenging. Recent studies have revealed
that most proteins, including synaptic proteins, have half-lives that range between 5-7 days (Cohen et al., 2013;
Dörrbaum et al., 2018). Thus, to maintain synaptic function, neurons have to constantly produce, target and
degrade synaptic proteins. During synaptic plasticity, long-lasting changes in the protein composition of indi-
vidual synapses result in the modulation of synaptic efficacies. Remarkably, despite the highly unstable nature
of its main components, our brain is capable of storing memories over decades.

Growing experimental evidence indicates that mRNAs are abundant in dendrites (Cajigas et al., 2012; Tushev
et al., 2018) and an extensive body of literature shows that local translation plays an important role in many
forms of developmental and synaptic plasticity (reviewed in (Holt and Schuman, 2013; Glock et al., 2017)).
Interestingly, preventing the dendritic localization of CaMKIIα mRNA, a major kinase in synaptic plasticity,
alters the protein concentration at synapses as well as synaptic and behavioral plasticity (Miller et al., 2002).
Producing proteins directly in dendrites rather than in the soma may provide multiple advantages: (1) limiting
cost for transport and storage, (2) increasing protein yield by limiting degradation en route, and (3) allowing
rapid "on demand" production of proteins for quick incorporation into local complexes (Hanus and Schuman,
2013).

Theory-based attempts to understand long-range dendritic protein distributions often assume a central protein
source at the cell body and disregard the role of dendritic mRNAs in protein synthesis (Bressloff and Newby,
2013; Bressloff and Earnshaw, 2007; Williams et al., 2016). While this may be a good assumption for some
proteins whose mRNAs are confined to the cell body, many neuronal proteins have their mRNA in dendrites.
Prior models have also often focused on steady state protein quantities across large distances that arise from
a point source, and then diffuse or are actively transported (Bressloff and Newby, 2013). Interestingly, models
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based on a somatic point source of proteins (Doyle and Kiebler, 2011; Williams et al., 2016) often cannot capture
experimental data showing fast and highly accurate responses to activity in distal compartments (e.g. (Smith
et al., 2005; Sutton and Schuman, 2006)). Also, models that account for local protein synthesis rate are often
limited to a small dendritic compartment (Czondor et al., 2012; Ranft et al., 2017; Triesch et al., 2018) and
their predictions cannot easily be extended to describe long-range aspects of mRNA and protein dynamics.
Recent experiments revealed that both transcription of mRNAs and synthesis of proteins are not constant, as
many models assume, but are highly dynamic in time and across space, with a dependence on the synaptic
activity (Wu et al., 2016; Dieterich et al., 2010). Incorporating these new aspects into a comprehensive and
quantitative framework that can account for both local and long-range dynamics is necessary to keep pace with
the rapidly expanding experimental toolkit visualizing the dynamics of both dendritic RNAs and proteins in
situ (Dieterich et al., 2010; Akbalik et al., 2017; Yoon et al., 2016; Buxbaum et al., 2015).

Here, we present a model framework able to capture the spatial profile of mRNA and their corresponding proteins
while also accounting for the many experimentally observed properties of protein dynamics on short and long
timescales. Our model encompasses various processes involved in the intracellular trafficking of molecules from
the soma to the dendrites, including production and degradation, as well as uni- and bi-directional transport. In
order to validate the results of our model we use CaMKIIα experimental data. Crucially, we predict the spatial
profile and the time-scales of protein response following locally-induced changes in translation. We also provide
an online web application for our readers to explore the dynamics of their mRNAs and proteins of interest in
dendrites (http://www.tchumatchenko.de/Visualisation.html).

Results
Deriving the mRNA and protein distributions
Our goal is to understand how the processes of transcription, translation, trafficking and degradation shape
the dendritic distribution of mRNAs and their corresponding proteins. We start by summarizing the spatial
and temporal characteristics of these basic biological processes and explain how we incorporate them into our
mathematical model (Figure 1A). The mRNAs are produced in the cell nucleus, a process known as transcription,
and are rapidly transported into the somatic cytoplasm. Cytoplasmic mRNAs can then move into the dendrites
via diffusion (Fusco et al., 2003) or active microtubule-mediated transport (Kanai et al., 2004) (Figure 1A and
B (left)). We assume a source term at x = 0 which corresponds to a somatic transcription rate βR. We describe
the basic transport, production and degradation mechanisms of mRNAs in the dendrites (x > 0) using the
following one-dimensional dynamical equation

∂R(x, t)
∂t

= DR
∂2R(x, t)
∂x2 − νR

∂R(x, t)
∂x

− kRR(x, t). (1)

Here, R(x, t) represents the distribution of mRNAs as a function of space x and time t. The location x denotes
the dendritic distance. We consider all mRNAs that were transcribed from t = 0 onwards. ∂/∂t, ∂/∂x,
∂2/∂x2 denote the derivatives with respect to time and space. Eq. (1) describes the mRNA dynamics and
includes passive diffusion with a diffusion coefficient DR, active transport with an average velocity νR, and
a degradation rate kR. In the STAR Methods, we present a closed-form solution of Eq. (1) and show that
with time it converges towards a state where transport, degradation and production balance out. This state is
described by

Rden
ss (x) = βRλR

kR
exp(−λRx), (2)

where λR = (
√
ν2
R + 4DRkR − νR)/(2DR).

Protein synthesis can take place in the soma from somatic mRNAs or in the dendrites from local dendritic
mRNAs Rden

ss (Holt and Schuman, 2013; Tushev et al., 2018). Similar to their mRNA counterparts, proteins
can also diffuse passively, e.g. (Dieterich et al., 2010), or be transported actively along microtubules (Franker
and Hoogenraad, 2013)(Figure 1A and B (right)).
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Figure 1: Construction of the model and its predictions
(A) The mRNAs are synthesized in the soma and move into the dendrite either via active motor-mediated transport along
microtubules (with an average directed velocity νR) or via passive diffusive motion (diffusion coefficient DR). Proteins are
synthesized from somatic or dendritic mRNAs and can either diffuse (diffusion coefficient DP ) or be actively transported
along microtubules (average velocity νP ). Many dendritic proteins (including CamKIIα) only undergo passive diffusion
(νP = 0), while some selected protein classes (e.g. membranous organelles or macromolecular complexes) can be actively
transported along microtubules (Hirokawa and Takemura, 2005) (νP 6= 0). Our model accounts for both classes.
(B) A one-dimensional model representation of the mRNA and protein dynamics. The downward blue arrow indicates
that the only source of mRNAs is at the x = 0 position.
(C) and (D) We derived a prediction for the spatial distribution of mRNAs and proteins using Eqs. (2), (4) and (5).
Candidate parameters for the diffusion and transport velocity of mRNA and proteins are obtained from the literature
(see Table 2) and the ratio of somatic and dendritic mRNAs are inferred from (Miller et al., 2002). Color code denotes
the upper bound (dark blue and red) and lower bound (light blue and orange) for the respective distributions.

In cells with a low spine density of 1−2 spines/µm, such as pyramidal neurons (Fiala and Harris, 1999), protein
diffusion can be described by normal diffusion (Santamaria et al., 2006). We note that for higher spine densities,
a case not described here, protein movement in cells can be described by anomalous diffusion (Santamaria et al.,
2006; Pfeiffer et al., 2018). We assume a source term at x = 0 which corresponds to a somatic protein synthesis
rate βP . Dendritic protein dynamics for x > 0 are then described by the following equation

∂P (x, t)
∂t

= DP
∂2P (x, t)
∂x2 − νP

∂P (x, t)
∂x

− kPP (x, t) + βPR
den
ss (x). (3)

All proteins that are synthesized from t = 0 onwards contribute to the protein distribution. We include diffusion
characterized by the diffusion coefficient DP , active transport with an average velocity νP , a degradation rate kP
and an average translation rate βP . The protein dynamics in Eq. (3) converge towards the following distribution
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mRNA Protein
DR Diffusion coefficient for mRNA DP Diffusion coefficient for protein

νR Transport velocity of mRNA granule νP Transport velocity of protein vesicle

kR Degradation rate of mRNA kP Degradation rate of protein

βR Transcription rate of mRNA βP Translation rate of protein

Table 1: Symbol nomenclature.

in which mRNA and protein transport, production and degradation processes balance out

P den
ss (x) = βPβRλR

kR(DPλ2
R + νPλR − kP )

(
−e−λRx + DPλPλR + νPλP

kP
e−λP x

)
. (4)

Here, λP = (
√
ν2
P + 4DP kP − νP )/(2DP ). Some fraction of mRNAs may have 3’UTR sequences that localize

them to the soma (Tushev et al., 2018). In this case, the proteins emerging from the somatically localized
mRNAs can be described by the following distribution

P som
ss (x) = βPβRλP

kRkP
e−λP x. (5)

In a neuron, the dendritic protein distribution is determined by both somatically and dendritically synthesized
proteins. Thus, the total distribution of protein is a mixture of the form SmRNA·z·P som

ss (x)+(1−SmRNA)·P den
ss (x),

whereby SmRNA denotes the fraction of mRNAs found in the soma and z denotes the fraction of somatically
synthesized proteins that is transported to the dendrite. Interestingly, our minimalistic model can already re-
produce three fundamental types of protein distributions (Figure S5(B)): (1) monotonically decreasing protein
concentration as a function of dendritic distance, (2) a local plateau in the vicinity of the soma followed by
an exponential decrease towards distal sites, and (3) an increasing density of proteins at proximal and inter-
mediate distances followed by a peak and decreasing density at very distal sites. Parameters for these three
distribution types are given in the Supplemental Information. In Supplementary Figure S7, we also mimic
the atypical distribution of HCN-channels in pyramidal neurons. These channels have a high density in distal
dendrites and a low density close to the soma. By introducing inhomogeneity in HCN-channels protein half-
life we obtained a distribution that increases with distance to the soma (see Supplemental Information, Data S2).

Our next goal is to compare the theoretical predictions to our own experimental in vitro measurements of en-
dogenous CaMKIIα mRNA and protein distributions. CaMKIIα is one of the most abundant proteins of the
postsynaptic density (Kennedy et al., 1983) and a major player in the induction and maintenance of long-term
potentiation (LTP) in synapses (Kennedy et al., 1983; Malenka et al., 1989; Chen et al., 2008). In fact, CaMKIIα
knock-out mice exhibit impaired performance on a spatial-memory task and dramatically reduced LTP in area
CA1 of the hippocampus (Silva et al., 1992). Below, we adapt our model parameters for the protein of interest,
CaMKIIα, either using our own experimental measurements or by deriving the parameters from literature.

We start with the transcription and translation rates (βR and βP ). First, let us note that all normalized distri-
butions we show are invariant with respect to the numerical values chosen for the translation and transcription
rates. For the transcription rate of CaMKIIα, we calculated βR = 0.001 mRNAs/sec. To obtain this value, we
considered that the CaMKIIα pre-mRNA is 101,892 nucleotides long, the average mRNA elongation rate is 58
nucleotides per second (Darzacq et al., 2007; Dundr et al., 2002) and two genes are available for transcription.
The average translation rate measured experimentally is βP = 0.021 proteins/sec, which reflects the average
ribosomal initiation rate per second (Wu et al., 2016). Next, we calculated the degradation rates of mRNAs
and proteins (kR and kP ) from their reported lifetimes using the relation k = ln(2)/T1/2, where T1/2 denotes
the half-life of the molecule. For CaMKIIα, the average mRNA half-life has been reported to be in the range
of 8.5 hours (Yang et al., 2003) to 20 hours (Schwanhäusser et al., 2011; Tushev et al., 2018). We used a
degradation rate of kR =1.2 × 10−5 mRNA/sec, which corresponds to an average half-life of 16 hours for the
various mRNA isoforms of CaMKIIα (Tushev et al., 2018). The half-life reported for CaMKIIα proteins ranged
from 4.14 days (Schwanhäusser et al., 2011) to 6.64 days (Dörrbaum et al., 2018). Here, we used the protein
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mRNA Protein
Diffusion, µm2/s 3.0× 10−3, non-specific (Davis et al., 1990)

3.8× 10−3, β-actin (Park et al., 2014)
4.5, CaMKIIα (Khan et al., 2012)
0.023 - 0.254, CaMKII (Lu et al., 2014)

Velocity, µm/s 5.8× 10−3, non-specific (Davis et al., 1990)
1.3, β-actin (Park et al., 2014)

0, CaMKIIα (Shen and Meyer, 1999)
(Hirokawa and Takemura, 2005)

Table 2: Reported transport parameters measured in dendrites of hippocampal cultured neurons.
We used these parameters in Figures 1 and 2.

degradation rate of kP = 1.21 × 10−6 proteins/sec, which corresponds to the most recently reported half-life
value of 6.64 days.

We next considered the mechanisms and speeds of movement of mRNA and protein within the cell. We summa-
rize in Table 2 the range of reported diffusion coefficients and microtubule transport velocities obtained using a
variety of experimental techniques, including 3H-uridine pulse-labeling (Davis et al., 1990) and live-tracking of
GFP-labeled molecules (Park et al., 2014). Overall, the velocities reported for active transport of mRNAs are
in the range of 10−3 µm/s to 1.0 µm/s and the mRNA diffusion coefficients are on the order of 10−3 µm2/s.
The transport mode of a protein depends on whether it is a part of a large protein complex (e.g. part of a
vesicle) or whether it is freely diffusing. As examples of diffusion coefficients for freely diffusing proteins, we
used the numbers reported for CaMKIIα in dendrites that ranged from 4.5 µm2/s to 10−2 µm2/s. The range
of possible dendritic mRNA and protein distributions, as predicted by our theory, is presented in Figures 1C
and D. To determine this range we applied the smallest and the largest experimental values from Table 2 to
our model predictions in Eqs. (2) and (4), (5). When estimating the upper limit for the mRNA distribution
(DR = 3.8× 10−3 µm2/s, νR = 1.3 µm/s), we detected a saturation of mRNA levels when a dendritic distance
of 100 µm was evaluated (Figure 1C, dark-blue line). With lower transport values (DR = 3.0 × 10−3 µm2/s,
νR = 5.8 × 10−3µm/s), we predicted a 18.7% decrease in mRNA across the same 100 µm length of dendrite
(Figure 1C, light-blue line). Since the degradation rate was the same in both predictions, the difference in the
basal distributions must be due to a variation in transport velocity and/or diffusion coefficient.

Given the difference in the predicted mRNA distributions, we next asked whether a similar variation exists for
the protein distributions. If concentration of mRNAs along the dendrite is constant, then barring any changes in
the translational efficacy or increased proteolysis, we would expect a similar constant concentration of protein.
But if distal locations of the dendrite exhibit reduced mRNA levels, as we predicted with the lower mRNA
transport velocity and diffusion coefficient (Figure 1C, light blue line), would the basal protein distribution be
similarly reduced? To determine the distribution of proteins along the dendrite as a function of distance from
the cell body, we considered the parameters of the lower bound on the mRNA distribution that resulted in the
light blue line in Figure 1C.

We found that the reduction in mRNAs could be compensated by a large protein diffusion coefficient (DP = 4.5
µm/s2, as reported by (Khan et al., 2012)). For this case, our model predicts an almost flat protein distribution
across a 100 µm span of dendrite (Figure 1D, red line, 0.015% drop in protein compared to 18.7% drop in
mRNA across 100 µm). Next, we asked whether a reduced diffusion coefficient, as reported by (Lu et al., 2014)
(DP = 0.023 µm/s2), could produce a noticeable drop in the protein concentration. We found that with this
reduced motility of proteins, there was a 29% decrease in the protein concentration at 100 µm (Figure 1D,
orange line). We note that the active velocity was set to zero, νP = 0 µm/s, taking into account experimental
reports that CaMKIIα protein behaves like a soluble protein (Shen and Meyer, 1999; Hirokawa and Takemura,
2005).

To test our model’s predictions, we conducted experiments in cultured rat hippocampal neurons and measured
the endogenous CaMKIIα mRNA and protein distributions. For the dendritic mRNA distribution, we used
high-resolution in situ hybridization (FISH) together with a MAP2 immunostaining to unambiguously distin-
guish between neuronal dendrites and other cellular compartments (Figure 2A, D (left)). To assess the protein
distribution, we used immunostaining with an anti-CaMKIIα antibody together with a MAP2 immunostaining
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Figure 2: CaMKIIα mRNA and protein distributions in cultured neurons
(A) Representative image of high-resolution fluorescence in situ hybridization for CaMKIIα mRNA (white) in a cultured
hippocampal neuron. MAP2 antibody (blue) labels the dendritic arbor.
(B) Sample image of CaMKIIα protein immuno-staining (white) together with anti-MAP2 labeling (purple) to visualize
the dendrites.
(C) Zoom-in of straightened dendrites from (A) and (B) (dashed blue lines).
(D) The distribution of CaMKIIα mRNA over a dendritic distance of 100 µm is shown (dotted, grey), along with the
mRNA upper and lower (solid dark blue and light blue) boundaries from Figure 1C and a fit of the experimental data
(solid, black) using the function in Eq. (2).
(E) Experimental data for CaMKIIα protein (dotted, grey) is shown along with the upper and lower boundaries from
Figure 1D (solid red and gold) and a fit of the experimental data (solid, black) using the functions in Eqs. (4) and (5)
and mRNA parameters from D.

(Figures 2B, E). We found that CaMKIIα mRNA and protein were detectable throughout the proximal and
distal dendritic compartments of hippocampal neurons, as previously reported (Cajigas et al., 2012; Tushev
et al., 2018). To assess the spatial distribution of CaMKIIα mRNA, we assigned each detected mRNA puncta
a dendritic distance. We then quantified the CaMKIIα mRNA distribution by creating a frequency histogram
(bin width 5 µm) of the mRNA puncta locations. Subsequently, we computed an average across the dendritic
segments in our dataset, where each dendrite had a minimal length of 100 µm. To account for dendritic tapering
away from the soma we conducted additional model calculations (see Supplemental Information, Data S3). The
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result of analysis motivated us to normalize the mRNA density by a measure that is proportional to the local
dendritic radius rather than volume. Specifically, we normalized the mRNA density by the MAP2 intensity
at the corresponding location, see Figs. S2, S3, and then fitted the resulting endogenous mRNA distribution
using Eq. (2) for Rden

ss (Figure 2D). Interestingly, we found that the mRNA data and its exponential fit (grey
dotted and black line) were consistent with the lower and upper bounds predicted by our theory. The expo-
nent of the fit (λR = 0.0018 µm−1 and its 95% confidence interval (0.0008, 0.0028)µm−1) allowed us to derive
the mobility parameters which describe the measured CaMKIIα mRNA data. Here, we assumed an average
diffusion coefficient DR = 3.4 × 10−3 µm2/s and using both the mRNA degradation rate kR and the fitted
exponent λR, we determined an average transport velocity νR = 6.7× 10−3 µm/s. These values are within the
range of reported trafficking parameters and characterize the statistical average of the endogenous distribution
of CaMKIIα mRNA molecules. Measuring the average velocity of mRNA granules is challenging because only a
fraction of them is motile at any given time (Buxbaum et al., 2015). Therefore, it is interesting to ask whether
the velocities measured for a subpopulation of mRNA granules are representative of the statistical average. The
derived velocity νR = 6.7×10−3 µm/s and its error νR ∈ (0.004, 0.015) falls within the range of values reported
for other mRNA species but is lower than the value reported for moving CaMKIIα mRNA granules (4.0 ×
10−2µm/s). This suggests that only a fraction (14%) of the CaMKIIα mRNA population is mobile at any given
time.

Next, we compared our theoretical prediction for the distribution of the proteins with the experimentally
measured fluorescence intensity distribution of endogenous CaMKIIα protein in dendrites. To account for any
proteins located in spines and any change in dendritic radius and spine volume across distance, we normalized
the protein intensity distribution by an area mask that comprised the dendritic and spine areas, see Fig. S1. We
fitted the resulting endogenous protein distribution using the P den

ss and P som
ss in Eqs. (4), (5). From the fit we

determined the free protein transport parameters and set the mRNA related parameters to values corresponding
to the mRNA data in Figure 2D. We set the fraction of somatic mRNAs to SmRNA = 0.557 in agreement with
our results (Figure 4). The grey dotted line represents the normalized protein fluorescence, while the black line
is the corresponding theory fit of the data (Figure 2D); the red and gold lines are the upper and lower bounds
from Figure 1C derived from experimental reports. Interestingly, we found that the protein distribution is
nearly constant across a dendritic distance of 100 µm and the fit of the experimental data revealed the exponent
λP = 0.00223 µm−1 with the 95% confidence interval (0.00086, 0.0036). From this we derived a mean diffusion
coefficient DP = 0.24 µm2/s and its error DP ∈ (0.09, 1.63) µm2/s. This value is in good agreement with the
diffusion coefficient DP = 0.254 µm2/s reported for a large dendritic population of fast CaMKII molecules (Lu
et al., 2014).

Dissecting the role of mRNA diffusion, active transport and half-life
Our next goal was to understand how the mRNA and the protein distributions are shaped by the mRNA
transport velocity νR, diffusion coefficient DR, and degradation rate kR. This raises the question how these
parameters shape not only the distribution of mRNA in the dendrite, but also the protein concentration. First,
we addressed the impact of the mRNA transport velocity νR on the mRNA and protein distributions by up-
or down-scaling of mRNA velocity νR relative to the baseline value that we obtained in Figure 2D,E while
keeping all other parameters constant. Surprisingly, we found that just a 5-fold decrease in the mRNA velocity
(νR/5) strongly affected both the mRNA and protein distributions (Figures 3A, B) by dramatically increasing
the amount of proximal mRNA while lowering the amount of distal mRNA. Inversely, if the mRNA transport
velocity was increased 2-fold (νR × 2), our model predicted a more homogeneous mRNA distribution along the
dendrite (Figure 3A). In our model, modifications to the mRNA transport velocity do not change the overall
amount of mRNA and protein molecules in the dendrite, but they modify the way in which they are distributed
along the dendrite. Changes in the mRNA velocity induced similar changes in protein distributions: a lower νR
resulted in a higher protein concentration at proximal sites and a higher νR led to a more homogenous protein
distributions across the dendrites (Figure 3B). Interestingly, we found that the mRNA and protein distribu-
tions are far less sensitive to modifications of the mRNA diffusion coefficient DR when compared to νR. Only
large 100- or 1000- fold changes in DR induced noticeable modifications in the spatial distribution of mRNA or
proteins (Figure 3C, D). For example, it was necessary to increase the mRNA diffusion coefficient 1000-fold in
order to achieve a protein distribution shift comparable to the effect induced by the 2-fold increase in the mRNA
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Figure 3: Changes in mRNA half-life and its transport velocity can significantly change the dendritic
protein and mRNA distributions
Starting from the experimentally measured mRNA transport parameters (Figure 2) (DR = 3.4 × 10−3 µm2/s,
νR = 6.7 × 10−3 µm/s) we up- or down-scaled these transport parameters to see how susceptible the mRNA and
protein distributions are to changes in these values. (A,B) Changing the mRNA transport velocity had a dramatic
effect on the mRNA distribution while the corresponding protein distributions experienced the largest changes at distal
sites.
(C,D) If the diffusion coefficient is increased by 100-, 1000-fold, then largest change to the mRNA distribution occurs.
Similarly, the protein distribution only changes when the mRNA diffusion coefficient is increased 100- and 1000-fold.
Reductions in the diffusion coefficient, 100- and 1,000-fold, resulted in mRNA (yellow) and protein (light blue) distribu-
tions that overlapped with the original black line.
(E,F) With a lower half-life, mRNA distribution decays faster and consequently, the amount of protein decreases for
distal sites.
In all panels, we normalized all distributions by the value of the original protein distribution in the origin to visualize
differences in the relative number of molecules. Alternative normalization strategies are explored in Figure S4.

velocity. Similarly, even a 100-fold decrease in the mRNA diffusion coefficient did not lead to any noticeable
changes in either mRNA or the protein profile. Taken together, these observations indicate that the modulation
of active microtubule-mediated transport of mRNAs rather than mRNA diffusion is an efficient way to regulate
the amount of mRNA and proteins available across the dendrite.

Manipulating the mRNA half-life by modulating kR, had a direct influence on both the mRNA and the protein
distributions. When the half-life of the mRNA molecules in the cytoplasm was reduced from 16h to 4h, the
mRNA concentration exhibited a steeper decay from proximal to distal sites, such that the relative drop was
approximately 40% larger. The reduction of mRNA half-live also resulted in a severe drop in protein distribu-
tions, where approximately 50% less protein was delivered to distal sites for a 4h half-life in comparison to a 16h
half-life. This shift hints at the possibility that the dendritic mRNA population, which determines the amount
of local versus somatic translation, can substantially alter the amount of locally available proteins. Recently,
we showed that mRNAs located in neuronal dendrites tend to carry longer isoforms of 3’ untranslated regions
(UTRs) and have longer half-lives (Tushev et al., 2018). Such variations in mRNA half-lives could be easily
implemented in the model by introducing the different values in Eq. 4 and Eq. 5 which describe proteins made
from dendritic and somatic mRNAs respectively. As shown in Figure S5(A), if dendritic mRNAs have a two
times longer half-life than somatic ones, it leads to a 11% increase in CaMKIIα proteins in the dendrite at 400
µm (see also Supplemental Information). Although we focus on CaMKIIα mRNA and protein distributions in
Figure 3, we also offer our readers the possibility to explore other mRNA or protein species.
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Revealing the role of somatic vs dendritic mRNA for the dendritic protein profile
Our next goal was to understand how somatic and dendritic mRNAs shape the distribution of proteins in the
dendrites. While some mRNAs move out into the dendrites, some stay in the soma because they lack specific
features in their 3’UTR localization sequence or have sequences that give rise to their active retention in the
soma. For instance, CaMKIIα mRNA possesses multiple 3’UTR variants (Tushev et al., 2018) that contain or
lack localization elements as well as other regulatory elements (Tian and Manley, 2017; Mayford et al., 1996;
Hilgers et al., 2011). CaMKIIα mRNAs lacking a specific 3’UTR localisation element remain primarily in the
neural somata (Mayford et al., 1996; Tushev et al., 2018). To incorporate this into our model framework, we
need to determine the fraction of the mRNAs that migrate into the dendrites and the fraction of the dendritic
proteins that originate from somatic rather than dendritic mRNA. To obtain this information directly, one
would need to label and monitor all proteins and mRNAs individually to determine their origins and their final
localizations. Yet, it is also possible to infer this information from available experimental evidence. To this end,
we re-analyzed the data in the seminal Miller et al. experiment (Miller et al., 2002). We were able to calculate
the fraction of CaMKIIα mRNA localized in dendrites and the fraction dendritic CaMKIIα proteins that were
synthesized from mRNA localized in the soma.

We start by inferring the relative distribution of CaMKIIα mRNAs between soma and dendrites. The study
(Miller et al., 2002) reports that after the deletion of the 3’UTR localization sequence, the total mRNA count
was reduced to 48.1% relative to wildtype (WT), whereas dendritic and somatic mRNAs were reduced to 1.4%
and 85.3%, respectively. From this, we inferred that in the WT 55.7% of all mRNAs are in the soma, while
44.3% are distributed throughout the dendrites. This is a remarkable finding because it means that close to half
of CaMKIIα mRNAs are trafficked out of the soma and ultimately lead to a large amount of protein synthesized
directly in dendrites. Here we briefly summarize the steps we took to arrive at this soma-to-dendrite mRNA
ratio and present a more detailed derivation in the Supplemental Information, Data S4.

We assume that in the WT neurons the total mRNA count is T and it is distributed between the soma region
(S) and the dendrites (D). The fraction of mRNA in the soma is S/T and the fraction of mRNA in the
dendrites is D/T . Using the information from the Miller et al. article, we find that the amount of mRNA
in the mutant satisfies the following relation 0.481 · T = 0.853 · S + 0.014 · D and the WT mRNA amount
satisfies S/T +D/T = 1. These two equations have a unique solution which is S/T = 0.557 and D/T = 0.443.
Analogously, one can compute the fraction of somatic and dendritic mRNAs in mutants as 0.987 and 0.013,
respectively. Interestingly, if the removal of the 3’UTR localization sequence would not alter any other property
of the mRNAs except to prevent their translocation into the dendrite, we would expect that the total amount
of mRNA stays the same resulting in a roughly two fold increase in the soma. But previous studies indicates
that 3’UTR sequences, including those of CamKIIα mRNAs, are important for mRNA stability (Tushev et al.,
2018). In fact, the total mRNA count in the CamKIIα 3’UTR mutants is reduced by 51.9%. We hypothesize
that this drop can be explained by a reduction in the CamKIIα mRNA half-life. Indeed, our model predicts
that a 51.9% reduction of the mRNA half-life can be accounted for the drop in the total mRNA count and the
resulting reduction in total protein amount (Figure 4A).

The rate at which protein is synthesized from mRNA is known as the translational efficiency. Translational
efficiency is influenced by the number of ribosomes loaded onto an mRNA, the RNA structure, and any cis- and
trans-regulatory elements present in the mRNA. We considered next the translation efficiency of the soma and
the dendrites, calculating their ratio. To this end, we assumed that all proteins emerged either from somatic or
dendritic mRNAs and we accounted for the possibility that the translation efficiency in the soma and dendrites
may be different. We denote the translation efficiency ratio between dendrites and soma by TR, such that for
each protein produced by a somatic mRNA, there are TR proteins produced by a dendritic mRNA. Using the
relative ratio of somatic and dendritic mRNA from above we obtain the equation 0.557 · T + TR · 0.443 · T = P
which determines the total protein count P in the wild type relative to the total mRNA count T . Using the
information about the total and the relative protein drop in the dendrites after the 3’UTR deletion, we obtain
a second equation 0.987 · (T · 0.481) +TR · 0.013 · (T · 0.481) = P · 0.44. Here, 0.987 and 0.013 represent the frac-
tions of somatic and dendritic mRNAs in the mutants. Solving these equations we arrive at the finding that the
translation ratio is TR = 1.22. This indicates that each dendritic CaMKIIα mRNA synthesizes approximately
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Figure 4: The model highlights the advantages of dendritic mRNA in providing proteins to distal
dendritic sites
(A) Using our model we derive the dendritic protein distributions in WT and 3’UTR mutants based on the mRNA
localization patterns in (B), which we inferred from the experimental results in (Miller et al., 2002). Note, that the
point x = 0 in the model represents the soma border and is part of the dendritic statistics, the soma is represented by a
separate compartment in our model. Consistent with the theoretically inferred fraction of somatic and dendritic protein
our model predicts 82.9% dendritic protein drop after 3’UTR deletion.
(B) From the relative mRNA decrease in soma and dendrites reported in Fig. 2 in Miller et al. experiment (Miller et al.,
2002) we inferred that in the WT 55.7% of mRNAs are located in the soma and 44.3% in dendrites. Consistent with
(Miller et al., 2002) the overall amount of mRNAs after 3’UTR deletion drops to 48.1% relative to WT in our model.
(C) We inferred the relative protein amounts in WT and 3’UTR mutants from data reported in (Miller et al., 2002).
Interestingly, after the removal of almost all dendritic mRNA the dendritic protein count did not drop to zero, but
approximately 17% of the WT protein count remained in the dendrites, which allowed us to determine the amount of
somatically generated proteins that move into the dendrites.

20% more CaMKIIα proteins than the ones located in the soma.

In the next step, we infer the fraction of proteins generated in the soma that move into the dendrites, denoted
by z. In order to obtain z, we use information about the relative mRNA localization and the relative trans-
lation ratio between soma and dendrites in the WT and the 3’UTR mutant described by Miller et al. In the
WT, the dendritic proteins comprise a fraction that originated from dendritic mRNA (D · TR) and a fraction
that originated from somatic mRNA (S · z); together this constitutes the total protein count in the dendrites
S · z +D · TR = PD. After the 3’UTR deletion, the somatic and dendritic mRNA dropped to 85.3% and 1.4%
of their WT value, respectively. The dendritic protein count in the 3’UTR mutant was 17.1% of its WT value.
From these relations, we obtain a second equation 0.853 ·S · z+ 0.014 ·D ·TR = 0.171 ·PD. Taken together both
relations imply that the fraction of somatically generated proteins in the dendrites is z = 0.22 (Figure 4B, C).
Additionally, we obtain the relative amounts of the dendritic and somatic proteins in a WT neuron, which are
60.6% and 39.4%, respectively. Notably, while only 44.3% of total CaMKIIα mRNAs localized to the dendrites
this still resulted in a substantially higher percentage (60.6%) of CaMKIIα proteins being localized in this com-
partment. Interestingly, based on the inferred values for the translation efficiency and the mRNA soma-dendrite
distribution, our model reproduced the reduction in total protein amount (area under the curve) in the 3’UTR
mutants relative to WT (89.2%) reported by Miller et al., (Figure 4A).

We summarize the results of our analysis in Figure 4B, C. Overall, we learned from this analysis that modifi-
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cations of 3’UTR sequences can be a useful tool for dissecting the localization and motility profile of mRNAs
and proteins in neurons. It also suggests that behavioral effects attributed to 3’UTR modifications can have
multiple competing explanations. They can either result from changes to the total mRNA and protein count or
from modifications of the relative distribution of mRNAs and proteins between soma and dendrites or within
dendrites.

How new mRNAs and proteins populate the dendrite
The lifetimes of mRNAs and proteins are finite and many orders of magnitude shorter than the lifetime of a neu-
ron. It is thus necessary for a neuron to constantly produce new molecules to replace those that were degraded.
For example, the typical half-life of a CaMKIIα mRNA is approximately 16h (Tushev et al., 2018) which means
that after approximately 1.5 days more than 80% of the mRNA in the dendrite has been degraded and needs
to be replaced to keep the dendrite functional. Similarly, the half-life of CaMKIIα protein is approximately
6.64 days (Dörrbaum et al., 2018) which means that 80% of proteins will have decayed after approximately 15
days and need to be replaced. It is worth noting that under basal conditions (ongoing network activity in the
absence of an external stimulus) there is ongoing transcription to match the rate of mRNA degradation in both
the soma and dendrites. But what are the spatial and temporal dynamics of this turnover and how do new
molecules populate dendrites?

Recent experiments, using metabolic labeling to visualize newly synthesized RNA molecules, indicate that it
can take up to 3-6 hours for newly synthesized mRNAs to reach a distance of 150 µm, Fig. 1D in (Akbalik
et al., 2017). This is a remarkably long timescale, which is comparable to the lifetime of the mRNAs themselves.
Interestingly, in situ experiments using BONCAT and immunolabeling show that the dynamics of newly synthe-
sized proteins is fundamentally different and that their concentration increases simultaneously across different
dendritic locations (Figure 4d in (Dieterich et al., 2010)). To understand these findings, we used our model to
calculate the spatial profile of the newly synthesized mRNAs and proteins evolving in time using the mRNA
and protein parameters that we obtained previously for CaMKIIα. Details of the mathematical derivations can
be found in STAR Methods.

To mimic the experiments, we determined the location of all mRNAs that were produced from t = 0 onwards.
Since the mRNAs were transcribed in the soma, at t = 0 there were no labeled dendritic mRNAs. With time,
newly transcribed mRNA appeared in the soma and subsequently translocated throughout the dendrite via
diffusion or active transport. Over the course of a few hours, a moving front of new mRNAs appeared in the
dendrites and after approximately 20h, it reached an equilibrium within the displayed 400 µm dendritic segment
where decay, synthesis and transport balanced out (Figure 5A). This mRNA equilibrium was characterized by
an exponential distribution, whereby the maximum amount of mRNA was located in the soma (Figure 5B).

We next reconstructed the dynamics of newly synthesized proteins and isolated the contributions of somatic and
dendritic translation. We found that unlike the mRNA dynamics, a clear wavefront in the distribution of pro-
tein over time was not observed (Figure 5 C-F). We compared the distance covered by somatically-synthesized
proteins alone to the situation where somatic and dendritic mRNAs are translated. As expected, we found
that somatic proteins did not populate distal dendritic compartments as rapidly as in the case of simultaneous
dendritic and somatic translation (inset to Figure 5). We note that at distal sites, the concentration of newly
synthesized proteins produced in the dendrites rose quickly (within the first minutes) and that their concen-
tration across the whole dendrite rose almost simultaneously with time (Figure 5 B). Moreover, both model
predictions were in line with previous experiments (Akbalik et al., 2017; Dieterich et al., 2010).

Overall, our results indicate that the CaMKIIα mRNA basal distribution is reached quickly (after about
20 hours) when compared to the 30 days it takes new proteins to populate the dendrite (Figure 5). This
can be explained by the difference in the molecule’s half-lives and their production sites. Notably, neurons in
cultures have been reported to grow their dendritic arbors until 3-4 weeks. After this growth period, the den-
dritic arbor remains very dynamic but growing and retracting branches balance out (Zhao et al., 2006; Kaech
and Banker, 2007; Koleske, 2013). This is in line with our model predictions that show a timescale of several
weeks (∼30 days) to reach the equilibrium of the protein distribution of CaMKIIα (Figure 5).
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Figure 5: Using a model to reveal how new mRNAs and proteins populate a dendrite.
(A, B) The newly transcribed mRNA molecules emerge from the soma and subsequently populate the dendrite. En
route, the mRNA diffuses, is transported along microtubules or decays. After approximately 20h, the spatial distribution
reaches its equilibrium where decay, production and movement balance out.
(C, D) Newly synthesized proteins emerge from dendritic and somatic mRNA and populate the dendrite. The dendritic
mRNA contributes to a quick rise in protein at distal sites ((F), inset).
(E, F) Emergence of protein from somatic mRNA is characterized by a quicker rise in protein at proximal sites but a
slower increase in protein concentration at distal sites. The inset in (F) compares the protein distributions with and
without dendritic mRNA present 5 min after onset.

What implications do the dynamics of newly synthesized proteins have for proteostasis? If we consider that a
dendritic compartment may, for example, have a 10% higher baseline protein demand after plasticity induction,
how fast might this increase be implemented? Our results suggest that it would take many hours or even days
to establish a new, higher protein level across all dendritic sites (Figure 5C, E). The recruitment of new proteins
seems to be a very slow process which is at odds with brief, local changes in the protein amount. However,
global changes in translation are only one solution to serve increases in protein demand: an alternative way
could be to locally induce a brief increase in translation, a "translational burst".

Impact of a local translational increase
How does the induction of a local translational burst change the distribution of proteins around the stimulated
site? To understand the resulting translational activation profile recently observed in an in vitro study of neu-
rons (Wu et al., 2016), we applied a translational burst involving a single mRNA at the dendritic distance of
300 µm. The burst lasted for approximately 15-20 minutes, had a peak translational rate of 2.1 proteins/minute
(= 0.035 proteins/second), representing a 67% increase in the basal rate of protein synthesis, and covered an
area of 1-2 µm (Figure 6A) which corresponds, approximately, to the diameter of a synaptic spine (Harris and
Weinberg, 2012). We observed that approximately 10 minutes after the translational burst was initiated, the
protein concentration reached its maximum at the stimulated site and that approximately 1 hour after the burst
the total number of newly synthesized proteins reached its maximum (Fig. 6B). The peak of the translational
burst is denoted by a white cross (Figure 6A and B). Thus, our model predicts that the peak translational burst
and the peak of the protein response are not simultaneous, but the protein response lags by approximately
10 minutes. Strikingly, this prediction fits the experimental observation that optogenetic stimulation of spines
leads to an increase in CaMKIIα protein concentration that reaches a maximum after 10 minutes (600 sec-
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Figure 6: Predicting the protein response to brief local translational bursts
Upon the introduction of a local increase in translation at a dendritic distance of 300 µm, as shown in (A), our model
predicts the corresponding protein response, shown in (B). We found that the protein response had a large spatial
extent, almost twenty times larger than the area which upregulated translation during the burst. Furthermore, the
protein response endured almost ten times longer than the translational burst by which it was triggered.
(C) and (D) show how the same translational burst acting at the soma did not significantly affect dendritic protein
count at the site of interest which is greater than 100 µm away from the soma. To raise the protein count at dendritic
sites, somatic translational bursts need to last longer than their dendritic counter parts or induce a larger translational
increase.

onds) (Zhang et al., 2008). Despite the fact that the translational burst lasted only 15 minutes, the distribution
of newly synthesized proteins spread across the dendrite on a timescale of hours. Approximately 2 hours after
the stimulation, the newly produced proteins covered a distance of 100 µm. Importantly, dendritic locations
that were further away from the site of stimulation (>100 µm) were not significantly altered by the translational
burst. These data indicate that if the translational burst of the same size and duration takes place in the soma,
then the plasticity induced demand at distal sites cannot be met (Figure 6C,D).

In summary, our results indicate that the translational increases induced by one synapse can spill over and
increase the availability of the corresponding proteins at neighboring dendritic sites because the spatial extent
of protein response to a brief and local translational burst can affect an area of approximately 100 µm around
the stimulation site (Figure 6). In addition to transient translational bursts, synaptic spines can also introduce
long-term changes to the dendritic protein profile by siphoning off proteins from the dendrite through the spine
neck. This flow can be represented by a local negative source term (see Supplemental Information) and can alter
the protein concentration within a radius of up to 100 µm around the spine. The amplitude and the spatial
range of this spine-induced change in protein concentration depend primarily on the protein diffusion coefficient
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and the strength of the flux into the spine, see Supplementary Figure S6 and Data S1. In pyramidal neurons
the spine density is low, approximately 1 spine per µm (Fiala and Harris, 1999), such that effects of spines
stay local and do not alter the nature of the global diffusion dynamics described in the present study (see Fig. 3
in (Santamaria et al., 2006)).

Discussion
Here, we present a model incorporating both somatic and dendritic mRNA and protein sources which elucidates
the temporal and spatial dynamics governing their active populations in dendrites. In the design of our model,
we followed a data-driven approach by incorporating the available data on degradation, mRNA and protein
trafficking as well as translation dynamics. Our model makes predictions about the density of proteins and their
corresponding mRNAs as a function of dendritic distance. These quantities are directly proportional to the
respective average copy numbers per dendritic location that can be obtained from dendritic in situ experiments.
By comparing the predicted density at two sites of interest, P (x1) and P (x2) or R(x1) and R(x2), one can gain
intuition about the ratio between the average copy numbers at these sites. The relative error in the measurement
of the average copy number is proportional to the inverse square root of the total molecule count. This would
further imply that protein or mRNA species with a low total count can have a large fluctuation around the
predicted average while the more abundant species can be expected to have less error around the mean.

Because of the challenging nature of quantitative measurements in subcellular compartments, it remained elu-
sive what fraction of mRNAs localizes to dendrites and how they determine the timescale of protein response
and spatial dynamics. Using data from Miller and colleagues, we quantified the dendritic localization profile of
CaMKIIα mRNAs and proteins. Our calculations show that while ∼ 45% of all CaMKIIα mRNAs are localized
to dendrites, more than ∼ 60% of the whole CaMKIIα protein pool is localized in this subcellular compart-
ment (Figure 4). The analysis of CaMKIIα 3’UTR mutant mice was a useful tool to dissect the localization
and motility profile of CaMKIIα mRNAs and proteins in neurons. Interestingly, CaMKIIα 3’UTR mutant
and heterozygote CaMKIIα knockout mutant mice have very comparable mild hippocampal-dependent memory
impairments (Chen et al., 1994; Miller et al., 2002). Since both mutations lead to a significant decrease in both
CaMKIIα mRNAs and proteins it is unclear whether the memory defects in CaMKIIα 3’UTR mutant mice are
due to the observed mRNA mislocalization or the overall reduction in protein level. However, our results suggest
that a large decrease in dendritic mRNA levels will impair local production of CaMKIIα in dendrites (Fig. 6).
Thus, the memory impairments in both mutants could result from a failure to efficiently produce CaMKIIα in
dendrite upon activity.

Most previous work (Bressloff and Earnshaw, 2007; Williams et al., 2016) assumed a central protein source at
the cell body and disregarded the dendritic mRNA distribution. While this may be a good assumption for some
proteins whose mRNAs are confined to the cell body, the mRNA for many neuronal proteins is clearly present in
dendrites. In fact, over 2500 different mRNA species localize into dendrites and/or axons (Cajigas et al., 2012).
Our model captures this biological observation and can reproduce a large range variety of dendritic mRNA and
protein distributions that can be explored and visualized using our web applet. An important consequence of
the dendritic mRNA distribution is the ability to locally produce new proteins. Our model can now predict the
spatial and temporal spread of these locally newly synthesized proteins. Previous models predicted delays of
many hours or even days to match newly arising demand within 10% accuracy while our model predicts that
extra demand for proteins at distal sites can be addressed within a few minutes (10 min see Fig. 6). This is in
line with experimental observations (Zhang et al., 2008; Govindarajan et al., 2011).

Our model predicts that the spatial mRNA profile can be described by an exponential function whose expo-
nent is a function of the half-life, diffusion and active mRNA velocity (see Eq. (2)). Interestingly, we found
that modest 2- or 5-fold changes in the active transport velocity have a dramatic impact on the availability of
proteins in distal compartments. On the contrary, increasing even 100-fold the diffusion coefficient has a very
mild effect on protein distribution. This suggests that mutations affecting mRNA transport, as found in dis-
eases like spinocerebellar ataxia, Huntington or amyotrophic lateral sclerosis (Hirokawa et al., 2010), are likely
to result in dramatic changes in the availability of proteins across the dendritic tree. Similarly, we observed
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that large and global changes in protein localization could be induced by modulating mRNA degradation rate.
This constitutes a relatively unexplored field in the context of neurons and plasticity. Recently, we found that
dendritic mRNAs tend to have longer half-lives (Tushev et al., 2018). Indeed, our model suggests that fast and
local modulation of mRNA half-life could be a critical point of regulation for synaptic plasticity.

Notably, our simple model reproduces three fundamental protein distributions: (1) monotonically decreasing
protein concentration as a function of dendritic distance (e.g. the case of CaMKIIα), (2) a local plateau in
the vicinity of the soma followed by an exponential decrease towards distal sites (e.g. the case of proteins with
mRNA confined in the soma) and (3) an increasing density of proteins at proximal and intermediate distances
followed by a peak and decreasing density at very distal sites (e.g. the case of proteins with short half-life,
active protein transport and dendritic mRNA). We were also able by introducing a distance dependent protein
half-life (Bingol and Schuman, 2006) to reproduce the atypical distribution of HCN channels in CA1 pyramidal
neurons. We postulated that HCN channel mRNA is mainly confined to the soma and that the protein is longer
lived in the distal dendrites. We obtain distribution where HCN channel density is increasing with distance to
the soma as previously reported (Magee, 1998).

Our results also offer mechanistic insights into the mRNA and protein turnover processes in dendrites. Since
mRNAs typically exhibit half-lives in the range of hours and proteins in the range of a few days, a neuron
needs to constantly replace the decaying molecules. Newly synthesized mRNAs move into the dendrites on
the timescales of hours (Akbalik et al., 2017). Our theory suggests that this movement can be described by a
moving front, whose speed is determined by the average velocity of the active transport. For CaMKIIα this
speed is 24.12 µm/h. Notably, our results indicate that it takes approximately one day to replace the dendritic
mRNA population with new molecules. For newly synthesized proteins, our theory predicts a fundamentally
different movement pattern across time and space. We found that the concentration of newly synthesized pro-
teins is primarily determined by the long-range movement properties of proteins (Figure 5). This explains how
the concentration of newly synthesized proteins can rise in unison across the whole dendrite as reported in
experiments (Dieterich et al., 2010).

Given the slow dynamics of turnover processes, which plays out on the timescales of hours and days, we won-
dered how a local changes in translation could affect the dendritic protein population. Our results demonstrate
that a brief translational burst of a single mRNA species in dendrites changes the protein concentration at the
site of stimulation 15 minutes after its onset (Figure 6). Interestingly, a comparable delay of several minutes
was reported between spine stimulation and CaMKIIα accumulation peak (Zhang et al., 2008). This suggests
CaMKIIα proteins accumulating in spines after LTP induction are at least in part locally newly synthesized.
Also our model provides a quantitative description of local translation bursts across short and long timescales.
Interestingly, we found that the protein concentration can be elevated for up to 6-10 hours after the translational
burst. The proteins produced during the burst slowly re-distribute over time so that only synapses within a
100 µm radius can potentially sense a local change in protein concentration. This is in line with the experimental
observation that protein synthesis can spread 70 µm from the site of stimulation (Govindarajan et al., 2011;
Rangaraju et al., 2019). At the same time, we found that somatic translational bursts of CaMKIIα mRNA do
not affect distal sites due to the limited motility of the proteins (passive diffusion only). This finding suggests
that dendritic plasticity which requires rapid changes to the proteome is accomplished by local, rather than
somatic translation.

In our present work, we coupled the local availability of CaMKIIα mRNA to the local synthesis of CaMKIIα
proteins in the dendrite. Admittedly, this coupling only roughly summarizes the action of many cofactors in-
volved in translation repression or activation of CaMKIIα mRNA. We recognize that translation is a complex
process. But rather than modeling each individual cofactor, here, we chose to apply an average translation
rate measured experimentally in neurons (Wu et al., 2016). While our average rate likely encompasses many
of the different molecular interactions necessary for protein synthesis, it does not differentiate the individual
steps or molecular regulations. One intensively studied mechanism of translation repression is the binding of
FMRP (an RNA binding protein involved in fragile-X syndrome) to a number of dendritic mRNAs such as
CaMKIIα, Arc/Arg3.1 or MAP1B (Zalfa et al., 2003). Future iterations of the current model can incorporate
translational regulators like FMRP as more information about their kinetics emerges. Similarly, this study is
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primarily focused on cytoplasmic proteins, however, our theory can be also used to gain intuition about the
motion of transmembrane proteins such as neurotransmitter receptors (Choquet and Triller, 2013). The endo-
and exocytosis of protein-containing vesicles and the subsequent diffusion of these proteins along the dendritic
surface can be approximated in our model by considering: (1) active transport in the cytoplasm, (2) an ad-
ditional diffusion term for the diffusion in the plasma membrane. While the kinetics of endo- and exocytosis
rates remains largely unknown, our model can help building intuitions about how the different processes may
influence the outcome distribution of a transmembrane protein of interest.

State-of-the-art experimental methods now allow recording the location of dendritic mRNAs and proteins in
endogenous in vitro conditions as well as mRNA and protein dynamics in response to perturbations (Glock et al.,
2017). As more information is collected, it will allow fine-tuning and generalizing of our model. For example,
measuring endogenous mRNA distribution in experiments and comparing the outcome protein distribution to
different model scenarios will help identify critical model ingredients, e.g. determine whether active transport
of molecules is necessary to explain the experimentally measured distributions.

In summary, our work provides a unique perspective on the trafficking dynamics of mRNAs and proteins, which
is both mathematically rigorous and data-driven. Although we focused on CaMKIIα both in our model parame-
ters and in experiments, our model predictions can be easily generalized for any protein of interest. To facilitate
this, we provide a web-based applet where our readers can adapt parameters and explore the resulting dynamics
for other molecules of interest (see STAR Methods, http://www.tchumatchenko.de/Visualisation.html). Future
studies can extend our theoretical framework further by including for instance anomalous diffusion (Eq. 73
in (Metzler and Klafter, 2000)) in order to describe molecular dynamics in neurons with a high spine den-
sity(Santamaria et al., 2006; Pfeiffer et al., 2018). Our results suggest that active transport of mRNAs and/or
proteins has major impact on protein steady-state distribution. Future models that incorporate spatial vari-
ability in microtubule-associated velocities such as arresting behavior in the vicinity of activated spines could
help further our understanding of how neurons match protein demands upon synaptic plasticity.
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STAR Methods

Key Resources Table

REAGENT or RESOURCE SOURCE IDENTIFIER
Antibodies
Rabbit polyclonal anti-CamK2α Millipore 04-1079
Guinea pig polyclonal anti-
MAP2

Synaptic Systems 188004

Goat anti-Guinea pig Alexa
Fluor 488

Invitrogen A11073

Goat anti-Rabbit Alexa Fluor
594

Invitrogen A11037

DAPI Sigma-Aldrich 28718-90-3
Critical Commercial Assays
Quantigene ViewRNA ISH Cell
Assay

Thermo Fisher Sci-
entific

QVC0001

Experimental Model: Cell Line
Rat hippocampal cultured neu-
rons from P0-1

Charles Rivers RRID : RGD_734476

Experimental Model: Organism, Strain
Rattus norvegicus, Sprague-
Dawley

Charles Rivers RRID : RGD_734476

Chemicals, Peptides, and Recombinant Proteins
Papain Sigma-Aldrich P-3125
Neurobasal-A Life Technologies 10888022
B27 Gibco 17504044
GlutaMax Gibco 35050038
Software and Algorithms
Fiji (Schindelin et al.,

2012)
https://imagej.net/Welcome

MATLAB MathWorks https://www.mathworks.com
Mathematica Wolfram Research http://www.wolfram.com
NeuroBits (Tushev et al.,

2018)
https://github.molgen.mpg.de/MPIBR/NeuroBits

mRNA and protein steady states
and dynamics visualization

This paper http://www.tchumatchenko.de/Visualisation.html

Data and Software Availability
Raw image data This paper http://www.tchumatchenko.de/Visualisation.html
Code This paper http://www.tchumatchenko.de/Visualisation.html
Other
LSM880 Zeiss https://www.zeiss.de/mikroskopie/produkte/confocal-

microscopes/lsm880.html

Contact for Reagent and Resource Sharing
Further requests for resources should be directed to and will be fulfilled by the Lead Contact, Tatjana Tchu-
matchenko (tatjana.tchumatchenko@brain.mpg.de).

18



Experimental Model and Subject Details
Hippocampal neuron preparation

Dissociated hippocampal neuron cultures were prepared from postnatal day 0 to 1 rat pups of either sex
(Sprague-Dawley strain; Charles River Laboratories). We dissected hippocampi, dissociated them with papain
(Sigma) and plated them at a density of 40–30 × 103 cells/cm2 onto poly(d-lysine)-coated (BD Biosciences)
glass-bottom Petri dishes (MatTek). Hippocampal neurons were maintained, fed weekly with neuronal growth
medium and allowed to mature in a humidified atmosphere at 37 ◦ C and 5% CO2 in growth medium (Neurobasal-
A supplemented with B27 and GlutaMAX-I, Life Technologies) for >18 d in vitro to ensure synapse maturation.
All experiments complied with national animal care guidelines and the guidelines issued by the Max Planck
Society, and were approved by local authorities. The procedures involving animal treatment and care were
conducted in conformity with the institutional guidelines that are in compliance with national and international
laws and policies (DIRECTIVE 2010/63/EU; German animal welfare law; FELASA guidelines). The animals
were euthanized according to annex 2 of §2 Abs. 2 Tierschutz-Versuchstier-Verordnung. Let us note, that this
protocol is consistent with previously published protocols (Aakalu et al., 2001), (Banker and Goslin, 1990).

Method Details
Methods for in vitro measurements of CaMKIIα mRNA and protein
RNA in situ hybridization and immunostaining

All subsequent steps were performed at room temperature, if not stated otherwise. Bottom glass dishes with
attached neurons (DIV 18-21) were washed and fixed once in room temperature phosphate-buffered saline (PBS)
containing 2 mg calcium chloride and 2 mg magnesium chloride before being fixed in paraformaldehyde 4% in
lysine phosphate buffer (pH = 7.4) containing 2.5% of sucrose. Cells were then permeabilized for 10 minutes in
PBS containing 0.5% Triton-X 100 (Sigma). In situ hybridization was performed using the QuantiGene (QG)
ViewRNA kit from Panomics as previously described (Taylor et al., 2010) with the following modifications. The
Proteinase K treatment was omitted in order to preserve the integrity of the dendrites. After completion of in
situ hybridizations, cells were washed with PBS and subsequently processed for immunofluorescence of MAP2.
Cells were incubated in blocking buffer (4% goat serum in PBS) for 30 minutes and then incubated for 1 – 2
hours at room temperature with primary antibodies in blocking buffer. We used the following antibodies: guinea
pig anti-MAP2 (Synaptic Systems, 1:2000) and rabbit CaMKIIα (Millipore, 1:2000). Secondary antibodies were
applied in blocking buffer for 1 hour at room temperature, nuclei were stained for 1 minute in PBS with DAPI
(Sigma-Aldrich, 1:1000). Preparation of neurons for protein immunostaining followed the same procedure as for
mRNA, described above but including anti-CamKII antibody and anti-MAP2 antibody.

Image acquisition

Hippocampal neurons were imaged using Zeiss LSM780/880 confocal microscopes and 63X (high-resolution in
situ hybridization samples) and 40X (CaMKIIα protein, immunofluorscence samples) oil objectives (NA 1.4).
Z-stacks spanning the entire volume of neurons were obtained and channels were separated and collapsed to a
sum intensity projection in ImageJ.

Image analysis for mRNA measurements

Images were analyzed using a custom built MATLAB assembly of widgets called NeuroBits to record the distance
of all puncta from each neuron’s soma. The code and instruction manual for NeuroBits is freely-available for
download online https://github.molgen.mpg.de/MPIBR/NeuroBits. Briefly, using user inputs, neurons were
segmented into their soma and dendritic segments. Each segment was then connected in a "dendritic tree", or
a representation of how the primary branches (segments originating directly from the soma) were connected
to secondary, tertiary and subsequent higher-order branches. Using modifiable parameters for the minimum
puncta size and intensity, NeuroBits then automatically detected every mRNA puncta on each of the branches,
their specific location on a branch and their distance from the soma. In our analysis of the 21 neurons, mRNA
puncta on 403 dendrites were analyzed. We found 483 puncta located on the considered dendritic segments that
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were at least 100 µm long. Finally, using the minimum dendritic branch length of 100µm, the distribution of
all mRNA puncta with that length was evaluated. For more detailed instructions about how to use NeuroBits,
see its README file.

Image analysis for protein measurements

20 neurons immmunostained for endogenous CaMKIIα protein were analyzed. The fluorescence intensity signal
from the immunostainings were obtained using the open-source image processing package Fiji , while the data
analysis was performed in MATLAB R2017b (MathWorks). For each neuron, the soma and dendrites were
segmented. To do so, each image stack was separated into three channels representing the dendritic arbor,
the nucleus, and the CaMKIIα signal. The dendritic arbor and soma of each neuron was then traced with
segmented lines of a constant width. Using a sum intensity projection of the CaMKIIα channel we measured
the fluorescence intensity of CaMKIIα as a function of dendritic distance. A threshold mask of each neuron
was made by an experienced experimentalist to determined the area of the dendritic segments. Finally, we used
this mask to normalize CaMKIIα fluorescence intensity signal as a function of dendritic distance by the area.
A batch-script for ImageJ was written to facilitate the measurement and normalization process. Plots of all the
fluorescence intensity signals as well as the average signal and confidence intervals were generated in MATLAB.

Deriving the spatio-temporal mRNA dynamics
To solve Eq. (1), we first transform it into the form of a diffusion equation by introducing an auxiliary function
R̄ which we define as

R̄(x, t) = R(x, t)eηRt−µRx, (6)

whereby ηR = kR + ν2
R

4DR and µR = νR
2DR . The equation governing the dynamics of R̄ now reads

∂R̄(x, t)
∂t

= DR
∂2R̄(x, t)
∂x2 . (7)

To obtain the solution R of Eq. (1) we first determine the solution R̄ of Eq. (7) and apply Eq. (6). To find R̄
we solve the Laplace transformed Eq. (7) and transform the corresponding solution back into the time domain.
The Laplace transformed Eq. (7) reads

sR̃(x, s) = DR
∂2R̃(x, s)
∂x2 , (8)

where R̃(x, s) is the Laplace transform of R̄(x, t). The Laplace transform of ∂
∂t R̄(x, t) is sR̃(x, s) − R̄(x, 0).

Since we consider only mRNA that are produced after t = 0, we obtain R̄(x, 0) = 0. The solution of Eq. (8)
has the form

R̃(x, s) = C1e
−x
√
sD−1

R + C2e
x
√
sD−1

R , (9)

whereby C1 and C2 are constants that we need to determine. Since it is not biologically plausible that the
number of mRNAs increases to infinity as a function of distance from the soma, we conclude that C2 = 0.
To obtain the constant C1 we use the equation R(0, t) = βR/γR (1− e−γRt) that describes how the balance
between production and removal of mRNA evolves on the boundary between soma and dendrites. Here, βR
is the average transcription rate, γR denotes mRNA removal rate which includes mRNA diffusion and active
transport away from the soma as well as mRNA degradation. Later in this section we derive γR = kR

λR
where

λR =
√
ν2
R

+4DRkR−νR
2DR . The Laplace transform applied to R̄(0, t) leads to the relation

R̃(0, s) = βR
γR

(
− 1
s− ηR + γR

+ 1
s− ηR

)
.
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Using this expression we determine the constant C1 and obtain the solution R̃ of Eq. (8)

R̃(x, s) = βR
γR

(
− 1
s− ηR + γR

+ 1
s− ηR

)
e
− x

√
s√

DR . (10)

Next, we calculate the inverse Laplace transform of R̃, obtain the solution R̄ of Eq. (7) and then the solution
R of Eq. (1)

R(x, t) = βRe
µRx

2γR

(
−e−γRtEerfc

(
x

2
√
DR

,
√
ηR − γR,

1√
t

)
+ Eerfc

(
x

2
√
DR

,
√
ηR,

1√
t

))
, (11)

whereby

Eerfc(α, β, γ) = e2αβerfc
(
αγ + βγ−1)+ e−2αβerfc

(
αγ − βγ−1) . (12)

This solution has the following properties. First, at time zero no mRNA are present, R(x, 0) = 0, which repre-
sents the start of transcription or the labeling of newly transcribed mRNAs. Second, this function can assume
only real values even though the argument √ηR − γR of Eerfc can be complex. We show this property in the
STAR Method section "Mathematical details on functions Eerf and Eerfc".

The solution Eq. (11) of Eq. (1) approaches the steady state given by

Rden
ss (x) = βR

γR
· exp(−λRx). (13)

Since only the somatic production and degradation rates determine the number of mRNAs along the dendrite
we assume that the equation

∫∞
0 Rden

ss (x)dx = βR/kR holds. This equation leads to the relation γR = kR/λR.

Deriving the spatio-temporal protein dynamics
To solve Eq. (3), we take steps similar to those above and first transform Eq. (3) into the form of a diffusion
equation by introducing an auxiliary function P̄ which we define as

P̄ (x, t) = eηP t−µP xP (x, t), (14)

whereby ηP = kP + ν2
P

4DP , µP = νP
2DP . The equation governing the dynamics of P̄ now reads

∂P̄ (x, t)
∂t

= DP
∂2P̄ (x, t)
∂x2 + βPR

den
ss (x)eηP t−µP x. (15)

In order to find P , we first obtain the solution P̄ of Eq. (15) and then apply Eq. (14). To find P̄ (x, t) we
transform Eq. (15) into the Laplace domain, obtain a solution and then transform it back into the time domain.
The Laplace transformed Eq. (15) reads

sP̃ (x, s) = DP
∂2P̃ (x, s)
∂x2 + βPβRλR

kR

e−(λR+µP )x

s− ηP
. (16)

P̃ (x, s) is the Laplace transform of P̄ (x, t). The balance between production, degradation and transport on
the boundary between soma and dendrites evolves according to P (0, t) = βP βR

γP γR
(1− e−γP t). Here γP represents

protein removal rate analogously to the mRNA parameter γR. Later in this section we show that γP =
kP (DPλ2

R+νPλR−kP )
DPλRλP+νPλP−kP , where λP =

√
ν2
P

+4DP kP−νP
2DP . The solution of Eq. (16) takes the form

P̃ (x, s) = βPβRλR
kR(kP −DPλ2

R − λRνP )

(e−(λR+µP )x

s− ηP
− e−(λR+µP )x

s−DP (λR + µP )2 −
λP (DPλR + νP )e

− x√
DP

√
s

kP (s− ηP )

+ (DPλRλP + νPλP − kP )e
− x√

DP

√
s

kP (s− ηP + γP ) + e
− x√

DP

√
s

s−DP (λR + µP )2

)
. (17)
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Next, we apply the inverse Laplace transform to Eq. (17) and use Eq. (14). We obtain

P (x, t) = βPβRλRe
µP x

kR(kP −DPλ2
R − λRνP )

(
e−(λR+µP )x(1− e(DP (λR+µP )2−ηP )t)

+
−λP (DPλR + νP )Eerfc

(
x

2
√
DP

,
√
ηP ,

1√
t

)
+ (DPλRλP + νPλP − kP )e−γP tEerfc

(
x

2
√
DP

,
√
ηP − γP , 1√

t

)
2kP

+
e(DP (λR+µP )2−ηP )tEerfc

(
x

2
√
DP

,
√
DP (λR + µP ), 1√

t

)
2

)
, (18)

whereby

Eerfc(α, β, γ) = e2αβerfc
(
αγ + βγ−1)+ e−2αβerfc

(
αγ − βγ−1) (19)

This solution has the following properties. First, at time zero no protein are present, P (x, 0) = 0, which
represents the start of translation or the start of the labeling of newly synthesized proteins. Second, this
function can assume only real values even though the arguments of Eerfc(α, β, γ) can be complex. We show this
property in the STAR Method section "Mathematical details on functions Eerf and Eerfc". The steady state of
Eq. (3) takes the form

P den
ss (x) = − βPβRλR

kR(DPλ2
R + νPλR − kP ) (e−λRx − e−λP x) + βPβRλR

kRγP
e−λP x.

Since the total number of the proteins is determined only by the production and degradation rates and is not
affected by the movement parameters it satisfies

∫∞
0 P den

ss (x)dx = βRβP /(kRkP ). This equation leads to the
equation describing the removal rate γP which we used to derive Eq. (18). The steady state P den

ss now takes the
form given by Eq. (4).

Deriving the response to translational bursts
Here, we derive the dendritic protein response to a brief, local translational burst of the form X(x) · T (t). The
spatial structure of the burst is described by X(x) and its temporal structure by T (t). X(x) is a Gaussian
centered at x0 which has a width σ and the amplitude βb. βb represents the translational rate during the burst.

X(x) = βb exp(−(x− x0)2/σ). (20)

T (t) has a finite on and off kinetics and its shape is described by a combination of exponentials of the form

T (t) = Θ(t− t0)(t− t0) (a1 exp(−a2(t− t0))− b1 exp(−b2(t− t0))) /TMax, (21)

where Θ(t − t0) = 1 for t ≥ t0 and 0 for t < t0. The parameters a2 and b2 are the on and off time constants
and a1, b1 their corresponding weights. Normalization by TMax ensures that T (t) has a maximal value of one.
To mimic the experimentally recorded duration of a translational burst of approximately 10-20 mins (Wu et al.,
2016) we set a1 = 1, a2 = (5 · 60)−1 1/s, b1 = 0.1, b2 = (5 · 60)−1 1/s (Figure 6). Protein dynamics in response
to a translational burst is described by

∂P (x, t)
∂t

= DP
∂P (x, t)
∂x2 − νP

∂P (x, t)
∂x

− kPP (x, t) +X(x)T (t). (22)

To solve Eq. (22), we first transform it into the form of a diffusion equation by introducing the auxiliary function
P̄ which we define as

P̄ (x, t) = eηP t−µP xP (x, t) (23)

whereby ηP = kP + ν2
P

4DP , µP = νP
2DP . The second variable substitution rescales the distance

x = y
√
DP (24)
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and leads to the following relation ¯̄P (y, t) = ¯̄P ( x√
DP

, t) = P̄ (x, t). The rescaled dynamics for the y-dependent
function ¯̄P reads

¯̄Pt(y, t)− ¯̄Pyy(y, t) = X(y
√
DP )T (t)eηP t−µP y

√
DP . (25)

The solution of Eq. (25) is

¯̄P (y, t) = βb
2
√
π

∫ t

0

T (s)eηP sds
(t− s)1/2

∫ ∞
−∞

e−
(y−z)2
4(t−s) −µP z

√
DP−

(z
√
DP−x0)2

σ dz. (26)

To derive Eq. (26), we use the fundamental solution of the diffusion equation presented in the STAR Methods
section "Solution of the diffusion equation". Solving the double integral takes several steps. First, we rewrite
the argument of the exponential function as a quadratic polynomial with respect to the variable z

(y − z)2

4(t− s) + µP z
√
DP + (z

√
DP − x0)2

σ
= A

(
z + B

A

)2
+ C − B2

A
(27)

where

A = σ + 4(t− s)DP

4σ(t− s) , B = 2(t− s)
√
DP (σµP − 2x0)− yσ

4σ(t− s) , C = σy2 + 4x2
0(t− s)

4σ(t− s) . (28)

This allows us to solve the inner integral which results in∫ ∞
−∞

e−
(y−z)2
4(t−s) −µP z

√
DP−

(z
√
DP−x0)2

σ dz =
√
πe

B2
A −C
√
A

. (29)

From ¯̄P (y, t) we now obtain P (x, t) by applying Eqs. (24) and (23).

P (x, t) = βb
√
σe

σµ2
P

4 +µP (x−x0)−ηP t
∫ t

0

T (s)eηP s−
(σµP+2(x−x0))2

4(σ+4DP (t−s))√
σ + 4(t− s)DP

ds. (30)

The closed-form solution of this integral is

P (x, t) = βb
√
σe

σµ2
P

2 + σkP
4DP

+µP (x−x0)

16TMaxD2
P

·
(
a1e
−a2
(
t−t0+ σ

4DP

) (
I− 1

2
(a, b,A1,B) (4DP (t− t0) + σ)− I 1

2
(a, b,A1,B)

)
+ b1e

−b2
(
t−t0+ σ

4DP

) (
I 1

2
(a, b,A2,B)− (4DP (t− t0) + σ)I− 1

2
(a, b,A2,B)

))
(31)

with a = σ, b = σ + 4DP (t− t0), A1 = ηP−a2
4DP , A2 = ηP−b2

4DP and B = (σµP+2(x−x0))2

4 . Whereby

I− 1
2
(a, b,A,B) = 1

2

√
π

A

(
Eerf (

√
A,
√
B,
√
b)− Eerf (

√
A,
√
B,
√
a)
)
,

I 1
2
(a, b,A,B) = − 1

A
(b 1

2 e−Ab−Bb
−1
− a 1

2 e−Aa−Ba
−1

) + 1
4A

√
π√
A

(
Eerf (

√
A,
√
B,
√
b)− Eerf (

√
A,
√
B,
√
a)
)

+
√
Bπ

2A

(
Eerf (

√
B,
√
A,
√
a−1)− Eerf (

√
B,
√
A,
√
b−1)

)
and

Eerf (α, β, γ) = e2αβerf
(
αγ + βγ−1

)
+ e−2αβerf

(
αγ − βγ−1

)
.
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Mathematical details on functions Eerf and Eerfc
The mRNA and protein dynamics involve the functions

Eerf (α, β, γ) = e2αβerf
(
αγ + βγ−1

)
+ e−2αβerf

(
αγ − βγ−1

)
(32)

Eerfc(α, β, γ) = e2αβerfc
(
αγ + βγ−1

)
+ e−2αβerfc

(
αγ − βγ−1

)
. (33)

Since β can be the root of a negative number it can take on imaginary values. For example, in Eq. (18)
β = √ηP − γP is imaginary if ηP < γP . We show that both Eerf (α, ib, γ) and Eerfc(α, ib, γ) with a real b are
given by

Eerf (α, ib, γ) = 2Re
(
ei2αberf(αγ + ibγ−1)

)
, Eerfc(α, ib, γ) = 2Re

(
ei2αberfc(αγ + ibγ−1)

)
. (34)

This property emerges from the observation that erf(z̄) = erf(z). By reformulating Eerf (α, ib, γ) using z =
αγ + ibγ−1 and v = 2αb we obtain

Eerf (α, ib, γ) = eiverf(z) + e−iverf(z) = eiverf(z) + eiverf(z) = 2Re(eiverf(z)). (35)

The second equation in (34) can be obtained analogously, since erfc(z) = 1 − erf(z) and therefore, erfc(z̄) =
erfc(z).

Mathematical details on integrals
∫ b
a v

ηe−Av−Bv−1
dv

Solving Eqs. (1), (3) and (22) requires calculating integrals of the form

Iη(a, b, A,B) =
∫ b

a

vηe−Av−Bv
−1
dv

where η ∈ {− 3
2 ,−

1
2 ,

1
2}. We will express the result using the function Eerf or Eerfc.

1. We first compute the integral I− 1
2
(a, b, A,B). To this end, we split I− 1

2
(a, b, A,B) into two integrals

I− 1
2

= 1√
A

(
1
2

∫ b

a

(A 1
2 v−

1
2 +B

1
2 v−

3
2 )e−Av−Bv

−1
dv + 1

2

∫ b

a

(A 1
2 v−

1
2 −B 1

2 v−
3
2 )e−Av−Bv

−1
dv

)
. (36)

To compute the first integral we substitute µ = A
1
2 v

1
2 −B 1

2 v−
1
2 and obtain

1
2

∫ b

a

(A 1
2 v−

1
2 +B

1
2 v−

3
2 )e−Av−Bv

−1
dv =

√
πe−2

√
AB

2

(
erf(
√
Ab−

√
Bb−1)− erf(

√
Aa−

√
Ba−1)

)
.

In the second integral we substitute µ = A
1
2 v

1
2 +B

1
2 v−

1
2 and obtain

1
2

∫ b

a

(A 1
2 v−

1
2 −B 1

2 v−
3
2 )e−Av−Bv

−1
dv =

√
πe2
√
AB

2

(
erf(
√
Ab+

√
Bb−1)− erf(

√
Aa+

√
Ba−1)

)
.

Both integrals taken together are

I− 1
2
(a, b, A,B) = 1

2

√
π

A

(
Eerf (

√
A,
√
B,
√
b)− Eerf (

√
A,
√
B,
√
a)
)
. (37)

2. Next, we compute the integral I− 3
2
(a, b, A,B). The variable substitution v = u−1 transforms the integral

I− 3
2
to the integral I− 1

2
we computed above

I− 3
2
(a, b, A,B) =

∫ b

a

v−
3
2 e−Av−Bv

−1
dv = I− 1

2
(b−1, a−1, B,A).
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We now use Eq. (37) and obtain

I− 3
2
(a, b, A,B) = 1

2

√
π

B

(
Eerf (

√
B,
√
A,
√
a−1)− Eerf (

√
B,
√
A,
√
b−1)

)
.

For the solutions to Eqs. (1) and (3) we obtain

I− 3
2
(0, t, A,B) = 1

2

√
π

B
Eerfc

(√
B,
√
A,
√
t−1
)
. (38)

3. Finally, we compute the integral I 1
2
(a, b, A,B). This integral can be computed using integration by parts

I 1
2
(a, b, A,B) = − 1

A
(v 1

2 e−Av−Bv
−1

)|ba + 1
2A

∫ b

a

v−
1
2 e−Av−Bv

−1
dv + B

A

∫ b

a

v−
3
2 e−Av−Bv

−1
dv

= − 1
A

(b 1
2 e−Ab−Bb

−1
− a 1

2 e−Aa−Ba
−1

) + 1
4A

√
π

A

(
Eerf (

√
A,
√
B,
√
b)− Eerf (

√
A,
√
B,
√
a)
)

+
√
Bπ

2A

(
Eerf (

√
B,
√
A,
√
a−1)− Eerf (

√
B,
√
A,
√
b−1)

)
.

Mathematical details on inverse Laplace transforms

Solving Eqs. (1) and (3) requires calculating the Laplace transform of e−D
√
s

s−E . Here, we show that this Laplace
transform is given by

L−1

(
e−D

√
s

s− E

)
= 1

2e
EtEerfc(

D

2 ,
√
E,
√
t−1). (39)

The function e−D
√
s

s−E can be represented as the product of two functions, whose inverse transformations are given
by

L−1
{
e−D

√
s
}

= De
−D2

4t

2
√
πt3

, L−1
{

1
s− E

}
= eEt.

Since the inverse Laplace transformation of the product of two functions is the convolution of their inverse
Laplace transformations we obtain

L−1

(
e−D

√
s

s− E

)
= DeEt

2
√
π

∫ t

0
v−

3
2 e−Ev−

D2
4 v−1

dv. (40)

By applying Eq. (38) we obtain

L−1

(
e−D

√
s

s− E

)
= DeEt

2
√
π
I− 3

2
(0, t, E, D

2

4 ) = eEt

2 Eerfc(
D

2 ,
√
E,
√
t−1). (41)

Solution of the diffusion equation
The diffusion equation

∂F

∂t
(x, t)− ∂2F

∂x2 (x, t) = f(x, t) (42)

with the initial condition F (x, 0) = 0 has the solution

F (y, t) =
∫ t

0
ds

∫ ∞
−∞

Φ(y − x, t− s)f(x, s)dx, (43)

where Φ(y, t) = e−
y2
4t

2
√
πt
. The function Φ is referred to as the fundamental solution of the equation (42) with

f = 0. We use this relation for the solution of Eq. (22).
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Figure S1: CaMKII sum intensity distribution, related to Figure 2E
The distribution of CaMKII fluorescence intensity as a function of dendrite length (µm). (A-D) show the
fluorescence intensity vs dendritic distance in dendrites which had a minimal dendritic length of 50 µm (A),
75 µm (B), 100 µm (C) and 125 µm (D). Insets represent the distribution of the mask used to normalize
the CaMKII fluorescence intensity as a function of dendrite length (µm). For each dendrite, the fluorescence
intensity signal values were normalized by the total intensity, such that the sum of all the values would equal 1.
(E) The effects of varying the line-width of the volume on CaMKII distribution. The traces of dendrite segments
used in the experimental data of Figure 2E utilized a constant line-width. This line-width was subjectively set
to be 15 µm in order to encompass as much of the dendritic width close to the soma as possible. But as the
dendrites extended further away, their actual width decreased. In using a constant line-width for our traces, it
was possible that at distal sites, the dendritic traces would not only measure the signal from CaMKII protein
in the dendrites, but also from synapses protruding orthogonally from the trace. To see if this effect had
a significant impact on the measured signal, we decreased the constant line-width to 10 (orange) µm and 5
(yellow) µm. Over a dendritic distance of 100 µm (n = 24 dendrites), we did not find a change in the line-width
to have a significant impact on the measured protein fluorescence intensity. The confidence interval (dotted
black lines) represents one standard deviation away from the average signal measured with a 15 µm width; both
the 5 µm and 10 µm width fall within this confidence interval.
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Figure S2: CaMKII mRNA puncta distribution, related to Figure 2D
(A-D) show the fluorescence intensity vs dendritic distance in dendrites which had a minimal dendritic length
of 50 µm (A), 75 µm (B), 100 µm (C) and 125 µm (D). Insets represent the normalized CaMKII mRNA puncta
distributions as a function of dendritic length (µm), normalized by the distribution of MAP2 fluorescence
intensity along the dendrite.
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Figure S3: MAP2 sum intensity distribution, related to Figure 2E
The distribution of MAP2 fluorescence intensity as a function of dendrite length (µm). For each dendrite, the
fluorescence intensity signal values were normalized by the total intensity, such that the sum of all the values
would equal 1.
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Figure S4: mRNA and protein distributions for different velocity, diffusion and life-time constants,
related to Figure 3
Parameters as in Figure 3, in all panels, we normalized all distributions relative to their value at x = 0.
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Figure S5: Shape of protein distributions, related to sections "Dissecting the role of mRNA diffu-
sion, active transport and half-life" and "Deriving the mRNA and protein distributions"
(A) Dendrite-soma mRNA half-life difference. Our model suggests that if the dendritic mRNA half-lives are
longer than somatic mRNA half-lives (Tushev et al., 2018), then protein concentration in dendrites is higher.
Here, both distributions have an average mRNA half-life of 16h, but different soma-dendrite mRNA half-life
ratios. All other parameters are as in the CamKIIα example in our manuscript.
(B) Protein distribution variety. Our model exhibits three fundamental types of protein distributions: (Case 1)
monotonically decreasing protein concentration as a function of dendritic distance (e.g. the case of CamKIIα),
(Case 2) a local plateau in the vicinity of the soma followed by an exponential decrease towards distal sites
(e.g. the case of proteins with short half-life and mRNA confined in the vicinity of the soma), (Case 3) an
increasing density of proteins at proximal and intermediate distances, followed by a peak and decreasing density
at very distal sites (e.g. the case of proteins with short half-life, active protein transport and dendritic mRNA).
In order to obtain these three classes of the protein distributions, we made the following modifications of the
CaMKIIα parameters used throughout the manuscript: DP = 0.24 µm2/s , uP = 0 µm/s, kP = Log2

6.64·24·3600 s
−1,

DR = 0.0034 µm2/s, uR = 6.7 · 10−3 µm/s, kR = Log2
16·3600 s

−1. For the case 1 we reduced DP and increased kP
both by the factor of 10; for the case 2 we considered uP = 0.001 µm/s, we multiplied kP by 20, kR by 2 and
divided uR by 20; for the case 3 we considered uP = 0.009, multiplied kP by 9 and divided uR by 5.
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Figure S6: Synaptic influence on dendritic protein distribution, related to section "Impact of a
local translational increase"
(A) We modeled the influence of a synapse on the dendritic protein distribution by including a negative source
term, −Syn(x − x0), which mimics the uptake of proteins into the synapse. Figure shows the positive source
term Syn(x− x0) with a peak value ε and a width δ.
(B) Protein distribution (blue) can be altered by the presence of a synapse (red). In this example, a synapse is
located at 100 µm and has a large and constant uptake rate which is equivalent to approximately ten times the
local protein synthesis rate, ε = 0.5 µm−1, δ = 1 µm and βPβRλR/kR · exp(−λR · 100µm) ≈ 0.0312565 µm−1 ·
s. In this example, we used the following parameters: DR = 0.0034 µm2/s, νR = 6.7 · 10−3 µm/s, kR =
log(2)/(16 · 3600) s−1, βR = 0.0109 s−1, DP = 0.05 µm2/s, νP = 0 µm/s, kP = log(2)/(6.64 · 24 · 3600) s−1,
βP = 0.02301 s−1. This example shows that the dendritic protein distribution is only weakly altered by synapses
if the synaptic density is low (Santamaria et al., 2006) and if the synapses have small to medium uptake rates.
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Figure S7: Incorporating a spatial degradation profile can explain experimentally observed channel
densities, related to section "Deriving the mRNA and protein distributions"
(A) We consider the effect of a spatial proteasome gradient by including in our formalism a location dependent
degradation rate. For mathematical tractability, we assume that the degradation rate peaks at zero, representing
a somatic production of proteasome complexes and that it declines approximately linearly at proximal sites and
reaches a plateau at distal sites.
(B) Experimental reports of dendritic HCN channel densities (Magee 1998) indicate that their density increases
as a function of dendritic distance and peaks at around 300 µm. Our model suggests that a spatial degradation
profile can offer a possible mechanisms underlying this distribution. In this example, we chose the following
parameters: β = 3 · 10−9, α = 3, DR = 0.34 µm2/s, νR = 0, kR = log(2)/(16 · 3600) s−1, βR = 0.0109 s−1 ,
DP = 0.2438 µm2/s, νP = 0, kP = log(2)/(6.64 · 24 · 3600) s−1, βP = 0.02301 s−1.
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Data S1 related to the section "Impact of a local translational in-
crease"
Additional mathematical details for the synaptic influence on the protein distribu-
tion
To consider the effects of a synapse on the steady state dendritic distribution of proteins we include an additional
negative source term, −Syn(x−x0), which mimics the uptake of proteins into the synapse. The protein dynamics
then takes the following form whereby P (x) is the distribution of proteins

DP
∂2P (x)
∂2x

− νP
∂P (x)
∂x

− kPP (x) + βP
βRλR
kR

exp(−λRx)− Syn(x− x0) = 0. (S1)

We assume that the synapse has a width δ, is located at the site x0 and leads to a peak outward current of ε,
see Figure S6

Syn(x) =
{
− ε
δ |x|+ ε, |x| < δ,

0, |x| ≥ δ.
(S2)

The resulting protein distribution takes the following form

P (x) = y0(x) +


y1(x), 0 < x < x0 − δ,
y2(x), x0 − δ < x < x0,

y3(x), x0 < x < x0 + δ,

y4(x), x0 + δ < x,

(S3)

whereby the auxiliary functions are

y0(x) = βPβRλR exp(−λRx)
kR(kP −DPλ2

R − λRνP ) ,

y1(x) = B11 exp(λ+
Px) +B12 exp(λ−Px),

y2(x) = B21 exp(λ+
Px) +B22 exp(λ−Px) + ε

δkP
(νP
kP
− δ + x0 − x),

y3(x) = B31 exp(λ+
Px) +B32 exp(λ−Px) + ε

δkP
(−νP
kP
− δ − x0 + x),

y4(x) = B41 exp(λ+
Px) +B42 exp(λ−Px).

and λ±P = νP±
√
ν2
P

+4DP kP
2DP . The constants Bij are given by the following eight equations

y0(0) + y1(0) = βPβR
γRγP

, y1(x0 − δ) = y2(x0 − δ), y2(x0) = y3(x0), y3(x0 + δ) = y4(x0 + δ),

y′1(x0 − δ) = y′2(x0 − δ), y′2(x0) = y′3(x0), y′3(x0 + δ) = y′4(x0 + δ), y4(x)→ 0 as x→∞.
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Data S2 related to the section "Deriving the mRNA and protein
distributions"
Additional mathematical details for spatial degradation gradients
A spatial change in the availability of proteasomes across the dendrite could influence the dendritic protein
distribution. Few details about the spatial distribution of proteasome complexes and their activity are currently
known (Bingol and Schuman, 2006). To gain insights into how spatial differences in proteasome concentration
can alter protein distribution, we generalize our theory to include a spatial degradation gradient of the form

Deg(x) =
{
αkP − βx, x ∈ [0, (α− 1)kP /β), α ≥ 1,
kP , x ≥ (α− 1)kP /β.

(S4)

This represents a linearly decreasing degradation profile with a peak at the soma and a baseline concentration
kP . The parameters α and β determine the steepness of the gradient and the location at which the baseline
concentration is reached, see Fig. S7.
Dendritic protein distribution is given by

DP
d2P (x)
dx2 − νP

dP (x)
dx

+ βPβRλR
kR

e−λRx = Deg(x)P (x). (S5)

We represent the solution of Eq. (S5) in the form

P (x) =
{
P1(x), x ∈ [0, (α− 1)kP /β), α ≥ 1,
P2(x), x ≥ (α− 1)kP /β.

(S6)

Constant degradation rate (x ≥ (α− 1)kP /β) leads to the following protein distribution

P2(x) = βRβPλRe
−λRx

kR(kP −DPλ2
R − λRνP ) + Ce−λP x, (S7)

whereby C is a free constant. If the degradation rate is linearly decreasing, 0 ≤ x ≤ (α− 1)kP /β, then Eq. (S5)
can be transformed into an Airy equation of the form

d2F (y)
dy2 − yF (y) = g(y). (S8)

The general solution of an Airy equation is

F (y) = A ·Ai(y) +B · Bi(y) + πBi(y)
∫ y

1
g(x)Ai(x)dx− πAi(y)

∫ y

1
g(x)Bi(x)dx. (S9)

Whereby Ai and Bi are Airy functions. To transform Eq. (S5) into the form of Eq. (S8) we first multiply
Eq. (S5) by D−1

P exp(− νP x
2DP ). Since

d2(exp(− νP x
2DP )P (x))
dx2 = exp

(
− νPx2DP

)(
d2P (x)
dx2 − νP

DP

dP (x)
dx

− ν2
P

4D2
P

P

)
,

we obtain that Eq. (S5) is equivalent to

d2(exp(− νP x
2DP )P (x))
dx2 − exp(− νPx2DP

)P (x)ν
2
P + 4αkPDP − 4DPβx

4D2
P

= −
βPβRλR exp(−(λR + νP

2DP )x)
DP kR

. (S10)

Now we substitute G(x) ≡ exp(− νP x
2DP )P (x) and rewrite Eq. (S10)

d2G(x)
dx2 −G(x)ν

2
P + 4αkPDP − 4DPβx

4D2
P

= −
βPβRλR exp(−(λR + νP

2DP )x)
DP kR

. (S11)
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Next, we substitute

y = ν2
P + 4αkPDP − 4DPβx

4D4/3
P β2/3

in Eq. (S11) and denote the new y-dependent function by F

F (y) ≡ G(ν
2
P + 4αkPDP − 4D4/3

P β2/3y

4DPβ
).

Since

d2G(x)
dx2 = d2F (y)

dy2 D
−2/3
P β2/3, G(x)ν

2
P + 4αkPDP − 4DPβx

4D2
P

= yF (y)D−2/3
P β2/3,

we obtain that Eq. (S11) is equivalent to Eq. (S8) where

g(y) = −k−1
R βPβRλR exp(− (2λRDP + νP )(ν2

P + 4αkPDP − 4D4/3
P β2/3y)

8D2
Pβ

)D−1/3
P β−2/3.

Thus, the resulting protein distribution is

P1(x) = e
νP x

2DP

(
A ·Ai

(ν2
P + 4αkPDP − 4DPβx

4D4/3
P β2/3

)
+B · Bi

(ν2
P + 4αkPDP − 4DPβx

4D4/3
P β2/3

)
− πβPβRλR

β1/3D
2/3
P kR

·
(

Bi
(ν2

P + 4αkPDP − 4DPβx

4D4/3
P β2/3

)∫ x

1
e
−(λR+ νP

2DP
)yAi

(ν2
P + 4αkPDP − 4DPβy

4D4/3
P β2/3

)
dy

+ Ai
(ν2

P + 4αkPDP − 4DPβy

4D4/3
P β2/3

)∫ x

1
e
−(λR+ νP

2DP
)yBi

(ν2
P + 4αkPDP − 4DPβy

4D4/3
P β2/3

)
dy
))
. (S12)

We determine the coefficients A, B and C using the boundary conditions

P1(0) = βPβR
γP γR

, P1

( (α− 1)kP
β

)
= P2

( (α− 1)kP
β

)
,

dP1

dx

( (α− 1)kP
β

)
= dP2

dx

( (α− 1)kP
β

)
.
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Data S3 related to the section "Deriving the mRNA and protein
distributions"
Additional mathematical details on tapering dendrites
To evaluate how the distributions of mRNAs and proteins in tapering dendrites, we consider a dendrite with
an initial radius RM and a final radius Rm, Rm < RM , ∆R = RM − Rm and length L. As an example, we
consider a purely diffusive particle motion.
We partition the dendrite into compartments of length ∆x and determine in each compartment the probability
of moving into one of the two neighboring compartments. This probability is proportional to the volume of these
compartments. For infinitesimally small compartments, ∆x� 1, we can describe the probability of moving left
(toward the thicker end) PR(x) and the probability of moving right (toward the thinner end) PL(x) as follows

PL(x) = VL(x)
VL(x) + VR(x) = (r(x) + δR)2

(r(x) + δR)2 + (r(x)− δR)2 ∼
1
2 + δR

r(x) (S13)

and
PR(x) = VR(x)

VL(x) + VR(x) = (r(x)− δR)2

(r(x) + δR)2 + (r(x)− δR)2 ∼
1
2 −

δR
r(x) . (S14)

Here, the change in radius along ∆x is δR, representing the change in radius from one compartment to the next.
The above relations imply that both probabilities PR(x) and PL(x) are proportional to δR

r(x) in leading order.
For tractability, we assume that the tapering of the dendrite is described by

δR = (RM −Rm)∆x
L

= ∆x∆R
L

(S15)

r(x) = RM −
x

L
∆R or r(f) = RM − f∆R (S16)

where f is the relative distance along the dendrite (f = 1 corresponds to x = L). We can now express δR
r(f)

using the above relations and find
δR
r(f) = ∆x

L

∆R
RM − f∆R. (S17)

To simplify notation, we will set ε(f) = δR
r(f) .

Now, we address the time evolution of the particle count N and choose for the time step ∆t = ∆x2

2D to ensure
convergence.

N(x, t+ ∆t) = (N(x+ ∆x, t)PL +N(x−∆x, t)PR) (1− k∆t)

=
(

1
2N(x+ ∆x, t) +N(x+ ∆x, t)ε(f) + 1

2N(x−∆x, t)−N(x−∆x, t)ε(f)
)

(1− k∆t)

= 1
2 (N(x+ ∆x) +N(x−∆x))− k∆t

2 (N(x+ ∆x) +N(x−∆x)) +

ε (N(x+ ∆x)−N(x−∆x)) +O(kε),

whereby k denotes the decay rate. Subtracting N(x, t) from both sides of the equation and dividing the result
by ∆t, we obtain:

N(x, t+ ∆t)−N(x, t)
∆t = ∆x2

2∆t
N(x+ ∆x) +N(x−∆x)− 2N(x, t)

∆x2

+ε∆x
∆t

N(x+ ∆x)−N(x−∆x)
∆x − k

2 (N(x+ ∆x) +N(x−∆x)),

where we also collect ∆x and ∆x2 from the right side of the equation to express it in terms of the first and
second derivative:

∂N(x, t)
∂t

= D
∂2N(x, t)
∂x2 + v

∂N(x, t)
∂x

− k ·N(x, t)
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The above calculation means that in a tapering dendrite, the motion of particles is equivalent to a drift-diffusion
process whereby the effective velocity is given by Eq. S18. We can identify D = ∆x2

2∆t , v = ε∆x
∆t , and using the

previous definition of D, v = 2Dε
∆x . Using the definition of ε in Eq. S17 we obtain

v = 2D ∆R
L(RM − f∆R) . (S18)

In the limit of small ∆R/RM � 1 Eq. S18 is equivalent to v = 2D∆R
LRM

.
Because the effective velocity is inversely proportional to L, it is almost always very small, therefore we can
approximate its contribution using a perturbative approach. The solution of the drift-diffusion problem takes
the form

ρ(x) = A exp
(
−xv +

√
v2 + 4D · k
2D

)
, (S19)

which for small values of velocity v can be written as:

ρ(x) ∼ ρ0(x)2D − vLf
2D = ρ0(x)F, (S20)

whereby the density ρ0(x) represents the solution of the system in a non-tapering dendrite. The geometric
correction term, F = 2D−vx

2D , can be rewritten as

F = 2D − vLf
2D = 1− vLf

2D = 1−

(
2D ∆R

L(RM−f∆R)

)
Lf

2D (S21)

≈ r(f)
RM

+O

(
∆R2

RM

)
. (S22)

This shows that the density obtained in a tapering dendrite is in leading order proportional to the solution in
non-tapering dendrite multiplied by a geometry factor. This geometric factor is directly proportional to the
relative local radius in our considerations. We can therefore link the solution of the diffusion equation in case
of non-tapering dendrite, ρtheo(x), and the solution of the diffusion equation in a tapering dendrite, which is
proportional to the fluorescence of the dendrite itself, ρexp(x), by normalizing the latter by the radius, or 2D
area, of the considered structure:

ρtheo(x) ∝ ρexp(x)
r(x) , (S23)
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Data S4 related to the section "Revealing the role of somatic vs den-
dritic mRNA for the dendritic protein profile"
Additional mathematical details on the analysis of the data in (Miller et al.,2002)
From the Figure 2F in (Miller et al., 2002) we are able to extract the following information. From the left most
bar graph in Fig. 2F we extract the information that after the deletion of the 3’UTR localization sequence, the
total mRNA count is reduced to 48.1% relative to wildtype (WT). From the second bar graph, we learn that the
somatic mRNA count is reduced to 85.3% in 3’UTR mutants relative to wildtype (WT). From the third, right
most bar, in Fig. 2F, we learn that the dendritic mRNA count is 1.4% in 3’UTR mutants relative to wildtype
(WT). Notably, this figure does not explicitly state the fraction of the total mRNA amount in the dendrites and
the soma of a WT cell. For example, a 1.4% percent reduction in the dendritic mRNA could mean both a large
or small effect for the cell, depending on how large the dendritic fraction of mRNAs is in the WT. However, this
soma-to-dendrite ratio of mRNAs could be inferred from Fig. 2F (Miller et al., 2002) using the steps below.
First, we will introduce the following notation.

• T = the total mRNA count in the WT

• S = the somatic mRNA count in the WT

• D = the dendritic mRNA count in the WT

In this notation, the fraction of mRNAs in the soma is S/T and the fraction of mRNA in the dendrites is D/T .
The information in Fig. 2F can be translated into the following equations:

S

T
+ D

T
= 1 (S24)

T = S +D (S25)

The first equation simply states that the sum of dendritic and somatic mRNA fraction is equal to 1 in the WT.
The second equation arises from the information about how the respective total, somatic and dendritic mRNA
counts are reduced in the 3’UTR mutant, Eq (S28). These two equations constitute a set of two linear equations
and have the following unique solution:

S

T
= 0.557 (S26)

D

T
= 0.443 (S27)

This solution implies that the mobile, dendritic mRNA fraction is 44.3% in the WT. To obtain the respective
numbers for the 3’UTR mutants we consider the equation

0.481 · T = 0.853 · S + 0.014 ·D. (S28)

Here, the new mRNA total is T ′ = 0.481 · T , the new somatic mRNA amount is S′ = 0.853 · S and the new
dendritic mRNA amount is D′ = 0.014 ·D. To obtain the new somatic and dendritic fractions S′/T ′ and D′/T ′
we calculate

S′/T ′ = 0.853 · S/(0.481 · T ) = 0.853 · 0.557/0.481 = 0.987 (S29)

D′/T ′ = 0.014 ·D/(0.481 · T ) = 0.014 · 0.443/0.481 = 0.013. (S30)

This solution implies that the mobile, dendritic mRNA fraction is only 1.3% in the 3’UTR mutant. Next, we
perform an analogous calculation to obtain the somatic and dendritic protein fraction. We use the following
notation:

• P and P ′= the total protein count in the WT and 3’UTR mutant, respectively

• PS and PS′= the somatic protein count in the WT and 3’UTR mutant, respectively
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• PD and PD′= the dendritic protein count in the WT and 3’UTR mutant, respectively

• TR= translation efficiency ratio between dendrites and soma. For each protein produced by a somatic
mRNA, there are TR proteins produced by a dendritic mRNA.

From Fig. 3 C and D in (Miller et al., 2002) we extract the following information. From the right bar graph
in Fig. 3C we extract the information that after the deletion of the 3’UTR localization sequence, the total
protein count is reduced to 44% relative to wildtype (WT). From the right bar graph in Fig. 3D we extract that
the dendritic protein count is reduced to 17.1 % in 3’UTR mutants relative to wildtype (WT). Notably, this
figure does not explicitly state the fraction of the total protein amount in the dendrites and the soma of a WT
cell. It is also important to note that information about the protein drop in the soma is missing. Interestingly,
this figure together with Fig. 2 provide enough information to infer these ratios, which we calculate using the
following steps.
First, we take into account that protein is made from mRNAs, yet potentially at different translational efficacies
in the soma and dendrites. This leads us to the first equation describing the total protein count in the WT:

PS + PD = P (S31)

T · 0.557 + T · 0.443 · TR = P (S32)

This equation states that the total amount of proteins is equal to the one produced in the soma (55.7% of
mRNAs) plus the mRNAs produced in the dendrites (44.3%), taking into account the corresponding translation
efficacies. In the 3’UTR mutant we have a similar relation

PS‘ + PD‘ = P ‘ (S33)

0.987 · T ′ + TR · 0.013 · T ′ = P ′ (S34)

0.987 · (T · 0.481) + TR · 0.013 · (T · 0.481) = P · 0.44 (S35)

Solving these equations leads to the finding that the translation ratio is TR = 1.22. This suggests that the
dendritic translation of CaMKII occurs with an approximately 20% higher efficiency than that observed in the
soma. So far, we have only used information about the mRNA distribution and the change in the total protein.
However, also we have information about the drop in the dendritic protein in the 3’UTR mutant relative to the
WT. This will allow us to infer the fraction of somatically produced proteins z that move into the dendrites.
For the WT we have the following relation determining the dendritic protein count

S · z +D · TR = PD (S36)

0.557 · T · z + 0.443 · T · TR = PD. (S37)

In the 3’UTR mutants we have

0.853 · S · z + 0.014 ·D · TR = 0.171 · PD (S38)

0.853 · 0.557 · T · z + 0.014 · 0.443 · T · TR = 0.171 · PD. (S39)

These equations result in a unique solution where z = 0.22. These results imply that the fraction of somatically
generated proteins in the dendrites is approximately 22%.
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